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Abstract 
Stinson, D.R., Y.J. Wei, Some results on quadrilaterals in Steiner triple systems, Discrete 
Mathematics 105 (1992) 207-219. 
In this paper, we study quadrilaterals in Steiner triple systems. We present two recursive 
constructions for Steiner triple systems having no quadrilaterals. We also consider the 
maximum number of quadrilaterals a Steiner triple system of any given order can have. The 
upper bound is reached precisely when the Steiner triple system is the projective space 
PG(d, 2). Some recursive constructions for Steiner triple systems having ‘many’ quadrilaterals 
are also presented. 
1. Introduction 
A Steiner triple system of order n (or STS(n)) is a pair (V, 93) where V is a finite 
set of 12 elements called points, and 93 is a set of 3-subsets of V called blocks such 
that any 2-subset of V is contained in exactly one block of 94. It is a well-known 
fact that an STS(n) exists if and only if n = 1 or 3 (mod 6). 
A quadrilateral in an STS is a subset of four blocks whose union contains 
precisely six points (a quadrilateral is also known in the literature as a fragment or 
a Pasch configuration). A quadrilateral must be isomorphic to the following 
configuration: 
{a, b, c}, {a, 4 e>, {f, b, 4, {f, c, e>. 
An STS(n) which contains no quadrilaterals is said to be quadrilateral-free or 
anti-Pasch, and is denoted QFSTS(n). QFSTS(n) have been previously investi- 
gated in [l-5, 111, and the following classes are known to exist. These are 
constructed by direct methods. 
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Theorem 1.1. (1) [l, 51 1f n = 3 modulo 6, then there is a QFSTS(n). 
(2) [3] If the order of -2 modulo p is congruent to 2 modulo 4, for every prime 
divisor p of n - 2, then there is a QFSTS(n). 
(3) [ll] Zf q = 19 modufo 24 is a prime power, then there is a QFSTS(q). 
(4) [l] Suppose q = 1 modulo 6 is a prime power than can be written as q = p a, 
where p is prime, p # 7, 13, and either CE is even or p = 1 or 3 modulo 8. Then 
there is a QFSTS(q). 
As a consequence of the above results, there is a QFSTS(n) for n = 9, 15, 19, 
21, 25 or 27. In fact, there is no QFSTS(n) for n = 7 or n = 13 [9]. There is a 
unique STS(9) and a unique QFSTS(15) up to isomorphism. For n = 19, there are 
at least 101 non-isomorphic examples of QFSTS known [4]. 
In this paper, we give two recursive constructions for QFSTS in Section 2. 
These are the first recursive constructions for QFSTS. 
We are also interested in the maximum number of quadrilaterals an STS(n) can 
contain. Accordingly, we define MQ(n) to denote this number. In Section 3, we 
show that MQ(n) s n(n - l)(n - 3)/24. Further, this bound is met with equality 
precisely for the projective spaces PG(2, d) (so n has the form 2d - 1, d 2 2). 
In Section 4, we give some recursive constructions for STS having ‘many’ 
quadrilaterals. Applying our constructions, we obtain a list of lower bounds for 
MQ(n), n < 50. 
2. Two recursive constructions for QFSTS 
In this section, we describe two recursive constructions for QFSTS. The first 
construction is a ‘direct product’ construction; it was presented independently by 
Griggs, Murphy and Phelan [5]. 
Theorem 2.1. Zf there exist QFSTS(n) and QFSTS(m), then there exists a 
QFSTS(nm). 
Proof. Let (X, a) and (Y, %) be respectively QFSTS(n) and QFSTS(m). Define 
Z =X x Y, and define 
% = {{a, y), (6 Y), Cc, Y)): {a> b, c> E ~4 Y E Y> 
u {{(x, a’), (x, b’), (x, cl)>: {a’, b’, c’> E 3, x E X> 
u {{(a, a’), (b, b’), ( c, c’)}: {a, b, c} E d, {a’, b’, c’} E 33). 
It is a routine matter to verify that (Z, %) is an STS(nm). We shall show that it is 
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quadrilateral-free. Suppose we have a quadrilateral in (Z, (e): 
{(a, a’), (k b’), (c, c’)>, 
{(a, a’), (d, d’), (e, e’)], 
{(c, c’), (d, d’), (f, f’)>> 
((k b’), (e, e’)t (f? f’)>- 
Consider the number of distinct elements in the set {a’, b’, c’, d’, e’,f’}. A bit 
of reflection reveals that the following possibilities are the only ones that can 
occur: 
(i) I{a’, b’, c’, d’, e’,f’}l = 1, 
(ii) ]{a’, b’, c’, d’, e’, f’}l = 3, in which case u’ = f ‘, b’ = d’ and c’ = e’, 
(iii) I(u), b’, c’, d’, e’,f’}l = 6. 
We dispose of each case in turn. 
(i) If ]{a’, b’, c’, d’, e’, f’}l = 1, then it must be the case that 
]{a, 6, c, d,f}I = 6, and then {u, b, c>, {u, d, e>, {f, b, d}, {f, c, e> forms a 
quadrilateral in (X, a), a contradiction. 
(ii) Suppose /{a’, b’, c’, d’, e’, f’}l = 3. If it were also the case that 
I{a, b, c, d, e, f >I = 3, than (a, a’) = (f, f’h and the six points in the quadrilateral 
are not distinct. Hence, this is impossible, and [{a, b, c, d, e, f}l = 6. As in (i) 
there is a quadrilateral in (X, &), a contradiction. 
(iii) Suppose ({a’, b’, c’, d’, e’, f’}l =6. Then {a’, b’, c’}, {a’, d’, e’}, 
{f ‘, b’, d’}, {f ‘, c’, e’} forms a quadrilateral in (Y, B), a contradiction. 
This completes the proof. Cl 
Our second recursive construction is a singular direct product construction. It 
employs Latin squares which enjoy certain properties. A subsquare of a Latin 
square is a square subarray that is itself a Latin square. A Latin square is said to 
be an N,-Latin square if it contains no subsquare of order 2. It has been shown 
that an N,-Latin square of order 12 exists for all n s 3, n # 4 [7, 8, lo]. 
We need N,-Latin squares which satisfy additional properties. Let L be an 
N,-Latin square of even order n, on the symbols 1, . . . , n. We say that L is 
special if it satisfies the following conditions: 
(1) IL(i, s) - L(j, s)l <n/2 if i, j C n/2, or if i, j > n/2, 
(2) IL(s, i) - L(s, j)l <n/2 if i, j C n/2, or if i, j > n/2, 
(3) if b = 2 or 3, than ({L(i, j), L(i, j + b), L(i + 1, j), L(i + 1, j + b)}( = 4. 
First, we prove the following lemma, which follows from a construction of 
Kotzig, Lindner and Rosa [7]. 
Lemma 2.2. Suppose n = 2km, where m > 3 is odd and k 3 1. Then there exists a 
special N,-Latin square of order n. 
Proof. We use the construction for N,-Latin squares given in [7]. It will turn out 
210 D.R. Stinson, Y.J. Wei 
that the resulting squares are special. 
Case (1) k = 1. 
For 1 G i, j s m, define 
ai, j = i - j + 1 reduced modulo m to the range { 1, 2, 3, . . . , m}, 
!I,,~ = i + j - 1 reduced modulo m to the range {m + 1, . . . ,2m} 
qj = i +j - 2 reduced modulo m to the range {m + 1, . . . , 2m). 
Let A = (Ui,j), B = (bi,j), C = (Ci,j)t and define L to be the square array 
Ipi,“] . 
Then L is an N.-Latin square of order IZ [7]. We shall verify that it is special. 
Consider four cells L(i, j), L(i, j + b), L(i + 1, j), L(i + 1, j + b), where b = 2 or 
First, suppose the four cells are within one of the ‘A’ subsquares. If 6 = 2, then 
the cells contain the symbols i -j + 1, i - j - 1, i -j + 2, and i - j (reduced 
modulo m). These are distinct since m 25. If b=3, then we obtain i-j+l, 
i-j- 2, i - j+2, and i-j - 1 (reduced modulo m). These are distinct since 
m 25. 
Next, suppose the four cells are within the ‘B’ subsquare. If b = 2, then the 
cells contain the symbols i + j - 1, i + j, i + j + 1, and i + j + 2 (modulo m). 
These are distinct since ma5. If b=3, then we obtain i+j-1, i+j, i+j+2, 
and i + j + 3 (modulo m). These are distinct since m 3 5. 
If the four cells are within the ‘C’ subsquare, then they also contain distinct 
symbols since each Ci,j G b,,j - 1 (modulo m). 
If the four cells fall into two of the four subsquares of order m, then it is clear 
that the four symbols are distinct (for example, any two cells from a row of the 
‘A’ subsquare and any two cells from a row of the ‘C’ subsquare contain four 
distinct symbols). Hence, the only remaining case is when each of the four cells 
occurs in a different subsquare of order m. It then suffices to verify the following 
inequalities: 
a m.m # al,2, 
a m.m # al,3, 
a m,m-1 Zal,l, 
a m,m-1 # a1.2, 
am,m-2 #al,l, 
and 
b,, , =+ CL,,-2, 
bn,1+ Cl,m-19 
b?t.z # Cl,m-19 
bm.z # cl.m, 
bm,3 f cl,m. 
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These are all true since m 3 5. 
Case (2) k = 2. 
For 1 s i, i s m, define Ui,j, bi,j, c;,jr A, B, and C, as in Case (1). Then, define 
di,j = ai,j + 2m 
ei,j = bi,i + 2m 
fi,j = Ci,j + 2m. 
Let D = (d,i), E = (ei.i), F = (fi,j), and define L to be the square array 
A B D E 
C A F D 
E D A B’ 
D F C A 
Then L is an &-Latin square of order n [7]. To verify that it is special, consider 
four cells L(i, j), L(i, j + b), L(i + 1, j), L(i + 1, i + b), where b = 2 or 3. L can 
be partitioned into four subsquares of order 2m: 
A’ B’ 
El C’ A” 
If the four cells are within any one of these four subsquares, then the four 
symbols are distinct, by Case (1) (note that C’ is obtained from B’ by a vertical 
reflection). If the four cells occur in two of the four subsquares, it is clear that 
they must contain distinct symbols. It remains to consider the case where the four 
cells occur in four different subsquares. It then suffices to verify the following 
inequalities. 
am,m # 4.2, 
a m,m + al,39 
a m,m-1 f al,l, 
U m,m-l# 4.2, 
a m,m-2+a1,1~ 
and 
The first five inequalities already occured in Case (l), and the second five 
inequalities must be true since the set {$,i} is disjoint from the set {d,,j}. 
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Case (3) k S 3. 
By induction on k, we can assume that there exists a special Latin square of 
order 2’-’ m which has the form 
where A, B, and C are themselves special subsquares of order 2k-2m. We then 
proceed exactly as in Case (2), to construct a special Latin square L of side n. q 
Now we can prove our second recursive construction for QFSTS. 
Theorem 2.3. Zf there is a QFSTS(u), u = 1 mod 4, and u - 1 has an odd divisor 
exceeding 3, then there is a QFSTS(3(u - 1) + 1). 
Proof. Let u - 1 = 4~. Let X, Y, and 2 be disjoint sets of cardinality 4w, and let 
w$XUYUZ. Denote the elements of X, Y, and Z by X=(X;, lsi~4w}, 
Y={y;, l~ii4w}, andZ={z,, l<i<4w}. 
Let (X U {m>, a), (Y U {m>, a), and (Z U {m}, %) be QFSTS(u). Without 
1OSS of generality, we can stipulate that these STS contain the following blocks: 
(i) {co, X*i-_2, X2,,} E & for 1 G i G 2W, 
(ii) if w is even, then 
{~a, y4i..-3, Y,i_r} E 9, for 1 G i < 4, and 
{Cc, Y4i--2, Y4i) E B3, for 1 G i d w, 
if w is odd, then 
fcc~ Y4i--37 Y4i-I> E %13, for 1s i G (w - 3)/2, 
{cc, Y4i--2, Y4i) E Bj for 1 G i d (w - 3)/2, 
loo, Y2w-SCj, Y2w-2+j} E 3, for 0 si =S 2, 
{03, Yzw+4;--3, Y2w+4i-r E 3, for 1 G i s (w - 3)/2, 
{O”, _Y2w+4i-2, y2w+4i) E 3, for 1 =S i c (W - 3)/2, and 
tco, Y4w-S+j, Y4w-*+j} E ai3, for 0 “i s 2, 
(iii> too, zi, Zi+2w} E g, for lGiG2w. 
Finally, define a set of blocks 
9 = {{Xi, Yj, Z,(i,j,}: 1 6 i s 4W, 1 Cj S 4W). 
It is easy to see that ((00) U X U Y U Z, ti U 54 U %T U 9) is an STS(3(u - 1) + 1). 
We shall prove that it is quadrilateral-free. 
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Let Q denote the four blocks in a hypothetical quadrilateral. There are the 
- following possible distributions of the four blocks to consider: 
(i) Q c .%!, Q c 9, or Q 5 %. There are no quadrilaterals contained in &, 9, 
or %, since the STS(u) are quadrilateral-free. 
(ii) Q G 9, Such a quadrilateral must look like: 
Then L(i, j) = L(f, h) = k and L(f, j) = L(i, h) =g, so L has a subsquare of order 
two, a contradiction. 
(iii) IQ r) dl = 1, lQ n 241 = 1, and IQ n 9a( = 2. Then, Q has the form: 
{O”, Xi, xj}, {M, Yg, Y/I}, Cxi, Ygr z/c}J lxj, Y/z, zk}. 
From the way ti and %? were constructed, we have (i - jl = 1 and lg - h( = 2 or 3. 
But then L(i, g) = L(j, h), contradicting property (3). 
(iv) IQ n &?I = 1, IQ n ‘72) = 1, and IQ fl91=2. Then, Q has the form: 
{O”9 Xi, xj}, {wt zg* zh)r {xi, Ykr zg>t {xj? Yk, zh). 
From the way .4 and % were constructed, we have Ii - jl = 1 and Ig - hl = 2~. 
Also, i, j =z 2w or i, j > 2w. Then, IL(i, k) = L(j, k)( = 2w, contradicting property 
(I). 
(v) lQ n 31 = 1, IQ n %I = 1, and IQ fl91= 2. Then, Q has the form: 
{M~ Yi, Yj>J irnY zg, -%)P hk, Yi, z,>~ ixk, Yj, zh). 
From the way C% and % were constructed, we have Ii - jl= 2 or 3 and 
(g - hl = 2w. Also, either i, j < 2w; or i, j > 2w. but then IL(k, i) - L(k, j)] = 2w, 
contradicting property 2). 
It is a simple matter to see that there are no other possible distributions of Q to 
consider. Hence, the STS(3(u - 1) + 1) is quadrilateral-free. 0 
3. An upper bound on the number of quadrilaterals in an STS 
In this section, we prove an upper bound of the number of quadrilaterals in 
STS, and determine precisely when it can be attained. Define MQ(n) to be the 
maximum number of quadrilaterals in any STS(n). 
Theorem 3.1. MQ(n) s n(n - I)(n - 3)/24. 
Proof. Let B, and B2 be two intersecting blocks in an STS(n), say B, = {a, b, c} 
and B2 = {a, d, e}. There are at most two quadrilaterals that could contain B1 
and B,, say: 
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. atrs of intersecting blocks in 
an STS(n). This yields a total of at most n(n - l)(n - 3)/4 quadrilaterals. 
However, we have counted each quadrilateral six times by this approach. Hence, 
MQ(n) < n(n - l)(n - 3)/24. q 
Theorem 3.2. An STS(n) contains n(n - l)(n - 3)/24 quadrilaterals if and only if 
it is isomorphic to a projective geometry PG(k, 2), for some k 2 2. 
Proof. The projective geometry PG(k, 2) is constructed by taking as points 
GF(2k)\{O}, and by taking as blocks all triples {a, b, c} where a + b + c = 0. We 
shall prove that any two blocks which have a common point will be in two 
quadrilaterals. 
Let Bi = {a, b, c} and B2 = {a, d, e} be two blocks; than a + b + c = 0 and 
a+d+e=O. Then {b,d, b+d}, {b, e, b + e}, {c, d, c + d} and {c, e, c + e} are 
all blocks. Also, c + e = a + b + c + d = a + d, and c + d = a + b + d = b + e. 
Hence, we have found two quadrilaterals: 
{a, b, c>, {a, d, e>, {b, d, b + d], {c, e, b + d] 
and 
{a, b, c>, {a, d, e>, {b, e, b + e>, {c, d, b + c>. 
From the proof of Theorem 3.1, we see that this STS contains the maximum 
number of quadrilaterals. 
Conversely, suppose we have an STS(n) which contains n(n - l)(n - 3)/24 
quadrilaterals. If n = 7, then the unique STS(7) is PG(2,2), and it does contain 7 
quadrilaterals. Hence, we can assume n > 7. 
If two blocks have a common point, then they will be in two quadrilaterals. 
Suppose B1 = {a, b, c} and B2 = {a, d, e} are two intersecting blocks. Then they 
are contained in two quadrilaterals, say 
{a, b, c>, {a, d, e>, {f, b, 4, {f, c, e> 
and 
{a, b, c>, {a, d, e], {g, b, e>, {g, c, d]. 
As well, the STS contains two disjoint blocks, since n >7. Hence, the 
Veblen-Young axioms are satisfied [12], and the STS is isomorphic to a 
projective space PG(k, 2) for some k > 2, and n = 2k - 1. Cl 
4. Some lower bounds for MQ(n) 
In this section, we prove some lower bounds on MQ(n) when n is not of the 
form 2k - 1. We use recursive constructions to obtain these bounds. The first 
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construction is the same as was used in the proof of Theorem 2.1. The following 
lower bound is obtained. 
Theorem 4.1. If these exists an STS(m) containing exactly Q,,, quadrilaterals, and 
an STS(n) containing exactly Q, quadrilaterals, then there exists an STS(mn) 
containing exactly n*Q, + m*Q, + 24Q,,,Q, quadrilaterals. 
Proof. Let (X, a) and (Y, 93) b e respectively an STS(m) containing Q, 
quadrilaterals, and an STS(n) containing Q, quadrilaterals. As in the proof of 
Theorem 2.1, define 2 = X x Y, and define 
% = {{(a, Y), (b, Y), (G Y)): {a, b, c> E 4 Y E Y> 
U {{(x, a’), (x, b’), (x, c’)}: {a’, b’, c’} E 93,x EX} 
U {{(a, a’), (b, b’), ( c, c’)}: {a, b, c} E &, {a’, b’, c’} E a}. 
We shall compute the number of quadrilaterals in (2, %). A quadrilateral in 
(2, %) can be written in the form: 
{(a, a’), (b, b’), (c, c’)>, 
{(a, a’), (d, 0, (e, e’)>, 
{(c, c’), (d, 0 (f, f ‘>I> 
((6, b’), (e, e’h (f, f ‘I>. 
The following possibilities are the only ones that can occur: 
(i) I{a, b, c, d, e, f}l =6 and I(a’, b’, c’, d’, e’, f’}] = 1, 
(ii) I{a, b, c, d, e,f}l = 1 and I{a’, b’, c’, d’, e’, f’}l =6, 
(iii) I{a, b, c, d, e,f}l =6 and ({a’, b’, c’, d’, e’, f}l =6, 
(iv) I{a, b, c, d, e, f}] =6 and ){a’, b’, c’, d’, e’, f}] =3, 
(v) I{a, b, c, d, e, f}l =3 and I{a’, b’, c’, d’, e’, f}l =6. 
We consider each case in turn. 
(i) Here {a’, b’, c’}, {a’, d’, e’}, {f’, b’, d’}, {f’, c’, e’} forms a qua- 
drilateral in (Y, 93). Hence we obtain mQ, quadrilaterals in this way. 
(ii) Here {a, b, c}, {a, d, e}, {f, b, d}, {f, c, e} forms a quadrilateral in 
(X, a). Hence we obtain nQ, quadrilaterals in this way. 
(iii) Here {a’, b’, c’}, {a’, d’, e’}, {f’, b’, d’}, {f’, c’, e’} forms a qua- 
drilateral in (Y, 9) and {a, b, c}, {a, d, e}, {f, 6, d}, {f, c, e} forms a qua- 
drilateral in (X, d). For such a choice of two quadrilaterals, we count the 
number of bijections {a’, b’, c’, d’, e’, f ‘} -+ {a, b, c, d, e, f } such that each 
block is mapped to a block. There are four blocks that could be the image of the 
block {a’, b’, c’}, and for each of the four (image) blocks, there are 3! = 6 ways 
to map the points. Having done this, the images of the remaining three points are 
forced. So, the number of bijections is 24, and we obtain 24QmQ,, quadrilaterals. 
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(iv) Here, .‘=f’, b’=d’ and c’=e’, {a’, b’, c’} is a block in 9, and 
(0, b, c>, {a, d, e>, If, b, d), {.A c, e} forms a quadrilateral in (X, &). For each 
choice of the block {u’, b’, c’} and a quadrilateral in &, there are 6 ways to form 
a quadrilateral in %. There are (n2 - n)/6 blocks in 8, and Q, quadrilaterals in 
&. Hence, we get a total of Q,(n’ - n) quadrilaterals of this type. 
(v) Using the same argument as in case (iv), we get Q,(m* -,m) quadrilaterals 
of this type. 
From the five cases enumerated above, the total number of quadrilaterals is 
n2Q, + m2Q, + 24Q,Qn. q 
The following corollary is immediate. 
Corollary 4.2. Suppose m = 1 or 3 modulo 6 and n = 1 or 3 mod&o 6. Then 
MQ(mn) 2 n ‘MQ(m) + m2MQ(m) + 24MQ(m)MQ(n). 
For our remaining constructions, we need some results about subsquares of 
order two in Latin squares (subsquares of order two are also known as 
intercalates). Let Z(n) denote the maximum number of intercalates in any Latin 
square of order n. Some interesting results on Z(n) are proved by Heinrich and 
Wallis in [6]. 
Lemma 4.3 [6]. Zf n is even, then Z(n) =s n”(n - 1)/4. Zf n is odd, then 
Z(n) C n(n - l)(n - 3)/4. 
Lemma 4.4 [6]. Z(n) = n”(n - 1)/4 if and only if n = 2k, k 2 1. Z(n) = 
n(n - l)(n - 3)/4 if and only if n = 2k - 1, k 2 1. 
We now prove a lower bound using the direct product construction. 
Theorem 4.5. Suppose m = 1 or 3 modulo 6 and n = 1 or 3 module 6. Then 
MQ(mn) 2 mMQ(n) + (m’ - m)Z(n)/6. 
Proof. Let (X, a) be an STS(m), let (Y, 9) be an STS(n) having MQ(n) 
quadrilaterals, and let L be a Latin square of order n having Z(n) intercalates. 
Impose some arbitrary ordering on the points in X. Define Z = X x Y, and define 
V = {{(x, a’), (x, b’), (x, c’)}: {a’, b’, c’} E 93, x E X} 
U {{(a, i), (b, i), (c, L(i, i))>, 
lsisn, l<jCn, {a, b,c}E&,a<b<c}. 
It is a routine matter to verify that (Z, %) is an STS(nm). For each of the m 
‘copies’ of 98, we get MQ(n) quadrilaterals, and for each of the (m” - m)/6 
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blocks in &, we get r(n) quadrilaterals arising from the I(n) intercalates in L. 
Hence, the total number of quadrilaterals is at least mMQ(n) + 
(m’ - m)Z(n)/6. q 
Corollary 4.6. Suppose n = 1 or 3 module 6. Then MQ(3n) > 3MQ(n) + l(n). 
Our next recursive construction is a type of singular direct product. This will 
provide a lower bound on MQ(3(n - 1) + 1) in terms of MQ(n). 
Theorem 4.7. Suppose n = 1 or 3 modulo 6. Then 
MQ(3(n - 1) + 1) 2 3MQ(n) + Sl((n - 1)/2) + 7(n - 1)2/4. 
Proof. Let (X, a) be an STS(n) having MQ(n) quadrilaterals, where the set of 
points X = (1, . . . , n - l} U {m}. Without loss of generality, we can stipulate 
that _& contains (n - 1)/2 blocks of the form (~0, i, (n - 1)/2 + i}, 1 <i G 
(n - 1)/2. 
Next, let L be a Latin square of order (n - 1)/2 having I((n - 1)/2) 
intercalates, on symbol set { 1, . . . , (n - 1)/2}. Construct a Latin square, K, of 
order n - 1, having the form 
Lc L’ 
m 
L’ L ’ 
where L’ is obtained from L by adding (n - 1)/2 to every entry of L. By [6, 
Lemma 11, the number of intercalates in K is at least 8Z((n - 1)/2) + (n - 1)*/4. 
Define Z = ((1, . . . , n - l} x {I, 2, 3)) U {~a}. For h = 1,2,3, define &, :X+ Z 
by 
&l(m) = co, 
@h(i) = (i, h), lGi<n-1. 
Then, define 
%’ = ({@&), 4+(b), A(c)]: l c h s 3, {a, b, c> E a] 
U{{(i,1),(j,2),(K(i,j),3)},1~i~n-1,1~j~n-l}. 
It is easy to see that (Z, %) is an STS(3(n - 1) + 1). Let’s determine a lower 
bound on the number of quadrilaterals in (Z, %). From each of the three ‘copies’ 
of (X, a) in (Z, %), we get MQ(n) quadrilaterals. Next, we observe that (Z, %) 
contains (n - 1)2/4 subsystems STS(7). For any 1 G i G (n - 1)/2 and for any 
1 c j c (n - 1)/2, there is an STS(7) on the points 
O”l (i, l), ((n - l)/2 + i, 1), (j, 2) 
((n - 1)/2 +j, 2), (L(i, j), 3), ((n - 1)/2 + L(i, j), 3). 
From each such subsystem, we obtain 7 quadrilaterals, by deleting each one of 
the 7 points in turn. 
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Table 1 
Lower bounds on MQ(n) 
n MQb) Construction Comments 
7 7 Theorem 3.2 
9 0 [91 
13 13 the STS is #l in the list in [9] 
15 105 Theorem 3.2 
19 284 Thm. 4.7, 19 = 3(7 - 1) + 1 l(3) = 0 
21 263 Cor. 4.2 or Cor. 4.6, 21= 3.7 I(7) = 42 (Lemma 4.4) 
25 G= 208 Thm. 4.7, 25 = 3(9 - 1) + 1 I(4) = 12 (Lemma 4.4) 
27 264 Cor. 4.6, 27 = 3.9 I(9) 3 64 [6] 
31 1085 Theorem 3.2 
33 > 246’ Thm. 4.9, 33 = 3(13 - 3) + 3 I(5) = 4 [6] 
37 z= 318 Thm. 4.7, 37 = 3(13 - 1) + 1 I(6) = 27 [6] 
39 2 207 Cor. 4.6, 39 = 3. 13 I(13) 3 168 [6, Theorem 51 
43 3 1094 Thm. 4.7, 43 = 3(15 - 1) + 1 I(7) = 42 (Lemma 4.4) 
45 2 945 Cor. 4.2 or Cor. 4.6, 45 = 3. 15 1(15) = 630 (Lemma 4.4) 
49 3 1862 Cor. 4.2, 49 = 7. 7 
’ By computer, we have verified that an STS(33) constructed by this method has 345 quadrilaterals. 
We have counted (n - 1)‘/4 quadrilaterals which arise directly from interca- 
lates of K by deleting the point 0~ from one of the subsystems STS(7). From the 
remaining 8Z((n - 1)/2) intercalates, we get 8Z((n - 1)/2) more quadrilaterals. 
All these quadrilaterals are distinct, so the stated lower bound follows. 0 
We state but do not prove two generalizations of this result. 
Theorem 4.8. Suppose n = 1 or 3 modulo 6. Then 
MQ(m(n - 1) + 1) 2 mMQ(m) + (m” - m)(81((n - 1)/2) + 7(n - 1)‘/4)/6. 
Theorem 4.9. Suppose n = 1 or 3 modulo 6. Then 
MQ(3(n - 3) + 3) 2 3MQ(n) + 8Z((n - 3)/2) + 7(n - 3)*/4. 
Let’s now construct Table 1 of lower bounds on MQ(n) for n < 50. 
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